
Ñâåòëîé ïàìÿòè
Áîðèñà Ãðèãîðüåâè÷à Êîëîäÿæíîãî

Ðÿä Ôèáîíà÷÷è: î ñóùåñòâîâàíèè
èíòåðåñóþùåé ôîðìóëû (÷. 1)

Â � 364 5-ãî èçäàíèÿ ”Ìàòåìàòè÷åñêîé ñìåêàëêè“Á. À. Êîðäåìñêîãî[1]
ìîæíî ïðî÷åñòü òàêîå, öèòèðóåì:

”Îáíàðóæåíî ìíîãî èíòåðåñíûõ ñîîòíîøåíèé ìåæäó ÷èñëàìè
ðÿäà Ôèáîíà÷÷è:

1, 1, 2, 3, 5, 8, 13, 21, . . .

1) Ïðèíöèï îáðàçîâàíèÿ ÷ëåíîâ ýòîãî ðÿäà ïðèâîäèò ê ñëåäóþùåìó
ñîîòíîøåíèþ ìåæäó ëþáûìè åãî òðåìÿ ðÿäîì ñòîÿùèìè ÷èñëàìè
Sn−2, Sn−1 è Sn:

Sn = Sn−1 + Sn−2.

Ýòà ôîðìóëà äà�åò âîçìîæíîñòü ïî ïåðâûì äâóì ÷ëåíàì ðÿäà
óñòàíîâèòü åãî òðåòèé ÷ëåí, ïî âòîðîìó è òðåòüåìó � ÷åòâ�åðòûé,
ïî òðåòüåìó è ÷åòâ�åðòîìó � ïÿòûé è ò. ä.

2) Èíòåðåñíî áûëî áû óìåòü ñðàçó ïîëó÷èòü ëþáîé ÷ëåí ðÿäà Sn,
çíàÿ ëèøü íîìåð n åãî ìåñòà. Îêàçûâàåòñÿ, ýòî âïîëíå âîçìîæíî,
íî çäåñü ìû ñòîëêíåìñÿ ñ îäíîé èç óäèâèòåëüíûõ íåîæèäàííîñòåé,
êîòîðûå íåðåäêè â ìàòåìàòèêå.

Ëþáîé ÷ëåí ðÿäà Ôèáîíà÷÷è � ÷èñëî öåëîå, íîìåð ìåñòà � òîæå
÷èñëî öåëîå. Åñòåñòâåííî áûëî áû îæèäàòü, ÷òî ëþáîé ÷ëåí ðÿäà
Sn ïîëó÷àåòñÿ â çàâèñèìîñòè îò íîìåðà n çàíèìàåìîãî èì ìåñòà
ïðè ïîìîùè äåéñòâèé òîëüêî íàä öåëûìè ÷èñëàìè(íàïðèìåð,
êàê â ïðîãðåññèÿõ). Íî ýòî íå òàê. Íå òîëüêî öåëûå ÷èñëà, íî
äàæå âñå öåëûå è äðîáíûå(ðàöèîíàëüíûå) áåññèëüíû îáðàçîâàòü
èíòåðåñóþùóþ íàñ ôîðìóëó.

Èç çàòðóäíèòåëüíîãî ïîëîæåíèÿ ïîìîãàþò âûéòè äâà èððàöèî-
íàëüíûõ ÷èñëà:

a1 =
1 +

√
5

2
è a2 =

1−
√

5
2

.

Âñïîìíèòå, êàê ýòè æå äâà ÷èñëà îáðàùàëè â íóëü ðàçíîñòü
R ìåæäó ïëîùàäÿìè ïðÿìîóãîëüíèêà è êâàäðàòà(ñì. ðåøåíèå
çàäà÷è �363 íà ñòð. 564). Ïîèñòèíå íåîæèäàííàÿ âñòðå÷à!

Òàê âîò, åñëè n � íîìåð ìåñòà, òî ëþáîé ÷ëåí Sn ðÿäà Ôèáîíà÷÷è
âû ìîæåòå ïîëó÷èòü ïî ôîðìóëå:

Sn =

(
1+
√

5
2

)n

−
(

1−
√

5
2

)n

√
5

=
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2√
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Ïîñëåäíÿÿ ôîðìóëà â ïðèâåäåííîé öèòàòå íàçâàíà ôîðìóëîé Áèíå â
÷åñòü ôðàíöóçñêîãî ìàòåìàòèêà Æ. Ô. Ì. Áèíå (1786-1856), âûâåâøåãî
å�å â íà÷àëå XIX âåêà.

Öåëü äàííîé ñòàòüè � ïðåäúÿâèòü èíòåðåñóþùóþ íàñ ôîðìóëó è äîêà-
çàòü å�å âåðíîñòü.

Èòàê, åñëè n � íîìåð ìåñòà, òî ëþáîé ÷ëåí Sn ðÿäà Ôèáîíà÷÷è âû,
÷èòàòåëü, ìîæåòå ïîëó÷èòü ïî òàêîé ôîðìóëå:
Sn = S5k−m = Fk×

×
{(

1
2 + (−1)m+1

2

) (
1 1

2 + (−1)(
m+1

2 )
2

)
− m

4

(
1
2 + (−1)m

2

) (
2 1

2 + (−1)(
m
2 )

2

)}
+

+Mk×
{(

1
2 + (−1)m+1

2

)
(4−m) +

(
1
2 + (−1)m

2

) (
4 1

2 + (−1)(
m+4

2 )
2 −m

)}
, (1)

èëè æå, ïî ñèëüíî óïðîùåííûì ôîðìóëàì:

Sn = S5k−m



= S5k−4 = (−3)Fk + Mk, åñëè n = 1, 6, 11, . . . ;
= S5k−3 = 2Fk + Mk, åñëè n = 2, 7, 12, . . . ;
= S5k−2 = (−1)Fk + 2Mk, åñëè n = 3, 8, 13, . . . ;
= S5k−1 = Fk + 3Mk, åñëè n = 4, 9, 14, . . . ;
= S5k−0 = 0Fk + 5Mk, åñëè n = 5, 10, 15, . . . ,


(2)

ãäå Fk =
(
0 + 11k−2 + 11k−4C1

k−3 + 11k−6C2
k−4 + . . .

)︸ ︷︷ ︸
[k+2

2 ] ñëàãàåìûõ

,

Mk =
(
11k−1 + 11k−3C1

k−2 + 11k−5C2
k−3 + . . .

)︸ ︷︷ ︸
[k+1

2 ] ñëàãàåìûõ

;

m = 0, 1, 2, 3, 4; k = 1, 2, . . . , k; [b]� öåëàÿ ÷àñòü ÷èñëà b è t0 = 1.
×òîáû äîêàçàòü âåðíîñòü ôîðìóë (2), ðàâíî êàê ôîðìóëû (1), íàäîáíî

ïðåäâàðèòåëüíî äîêàçàòü äâà ñîîòíîøåíèÿ, ñâÿçûâàþùèå âåëè÷èíû Mk, Fk,
Mk+1 è Fk+1 , à èìåííî:

Fk+1 = Mk; (3)
Mk+1 = Fk+11Mk. (4)
Ñðàçó äîêàæåì ñîîòíîøåíèÿ (3) è (4).

Ä î ê à ç à ò å ë ü ñ ò â î ñîîòíîøåíèÿ (3): Èìååì:
Mk = Mk + 0 = 0 + Mk =
= 0︸︷︷︸

1− îå ñëàãàåìîå â Mk + 0

+
(
11k−1 + 11k−3C1

k−2 + 11k−5C2
k−3 + . . .

)︸ ︷︷ ︸
ñëåäóþùèå [k+1

2 ] ñëàãàåìûõ â Mk + 0

=

=
(
0 + 11k−1 + 11k−3C1

k−2 + 11k−5C2
k−3 + . . .

)︸ ︷︷ ︸
1 + [k+1

2 ] ñëàãàåìûõ â Mk + 0

=

=
(
0 + 11(k+1)−2 + 11(k+1)−4C1

(k+1)−3 + 11(k+1)−6C2
(k+1)−4 + . . .

)
︸ ︷︷ ︸

1 + [k+1
2 ] = [k+1

2 + 2
2 ] = [ (k+1)+2

2 ] ñëàãàåìûõ â Fk+1

= Fk+1. �
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Óìåñòíî çàìåòèòü, ÷òî â öåëÿõ óìåíüøåíèÿ øóìîâîãî ñîïðîâîæäåíèÿ
ïðè äîêàçàòåëüñòâå ñîîòíîøåíèÿ (4), ïðèìåíÿþòñÿ ñëåäóþùèå îáùåèçâåñò-
íûå ñâîéñòâà áèíîìèàëüíûõ êîýôôèöèåíòîâ[2], [3]:
à) Cp

q+1 = Cp−1
q + Cp

q ;

á) Cq
q = C0

q = 1,
à åù�å èñïîëüçóþòñÿ òàêèå âåðíûå ñâîéñòâà öåëîé ÷àñòè ðàöèîíàëüíûõ
(â òîì ÷èñëå öåëûõ) ÷èñåë:

â) Åñòü [k+1
2 ] = [k+2

2 ] = k+1
2 , åñëè k� íå÷åòíîå > 1

(âåäü î÷åâèäíî, ÷òî ïðè k = 2h− 1 âåðíà ýêñïëèêàöèÿ:

[
(2h−1)+2

2
] = [h + 1

2
] = [öåë. ðàö. ÷.+íåöåë. ðàö. ÷., ÷òî ìåíüøå 1] =

= [h] + [ 1
2
] = [h] = h = k+1

2
=öåë. ïîëîæèò. ÷èñëî);

ã) Åñòü [k+1
2 ] = k

2 , åñëè k� ÷åòíîå > 0
(âåäü î÷åâèäíî, ÷òî ïðè k = 2h âåðíà ýêñïëèêàöèÿ:

[ 2h+1
2

] = [h + 1
2
] = [öåë. ðàö. ÷.+íåöåë. ðàö. ÷., ÷òî ìåíüøå 1] =

= [h] + [ 1
2
] = [h] = h = k

2
=öåë. ïîëîæèò. ÷èñëî);

ä) Åñòü [k+2
2 ] = k

2 + 1, åñëè k� ÷åòíîå > 0
(âåäü î÷åâèäíî, ÷òî ïðè k = 2h âåðíà ýêñïëèêàöèÿ:

[ 2h+2
2

] = [h + 2
2
] = [öåë. ðàö. ÷.+öåë. ðàö. ÷.] =

= [h] + [ 2
2
] = h + 1 = k

2
+ 1 =öåë. ïîëîæèò. ÷èñëî).

Äîê à ç à ò å ë ü ñ ò â î ñîîòíîøåíèÿ (4): Ïðîâåäåì åãî äâóìÿ ðàç-
äåëüíûìè ýòàïàìè: íà ïåðâîì ýòàïå ïîëàãàåòñÿ, ÷òî k íå÷åòíîå > 1, íà
âòîðîì ýòàïå � k ÷åòíîå > 2.
Ïåðâûé ýòàï: ê ÷àñòíîìó ñëó÷àþ k = 1 ïðèìåíèì ìåòîä ïðÿìîé ïðîâåðêè;
èòàê, ñ îäíîé ñòîðîíû, èìååì:
F1 + 11M1 =

(
0 + 111−2 + . . .

)︸ ︷︷ ︸
[ 1+2

2 ] = 1 ñëàãàåìîå

+

+11×
(
111−1 + 111−3C1

1−2 + . . .
)︸ ︷︷ ︸

[ 1+1
2 ] = 1 ñëàãàåìîå

= 0 + 11× 1 = 11,

à ñ äðóãîé ñòîðîíû, èìååì:
M2 =

(
112−1 + 112−3C1

2−2 + . . .
)︸ ︷︷ ︸

[ (1+1)+1
2 ] = [ 32 ] = 1 ñëàãàåìîå â M1+1

= 111,

òî åñòü, èìååì: M2 = F1 + 11M1.
Äëÿ ÷àñòíîãî ñëó÷àÿ (k = 1) ñîîòíîøåíèå (4) äîêàçàíî.
Ïðè íå÷åòíûõ k > 3, ñ ó÷åòîì ñâîéñòâ à), á) è â), äàëåå èìååì:
Fk + 11Mk =

(
0 + 11k−2 + 11k−4C1

k−3 + 11k−6C2
k−4 + . . .

)︸ ︷︷ ︸
[k+2

2 ] ñëàãàåìûõ

+

+11×
(
11k−1 + 11k−3C1

k−2 + 11k−5C2
k−3 + . . .

)︸ ︷︷ ︸
[k+1

2 ] = [k+2
2 ] ñëàãàåìûõ

=
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= 0 +
(
11k−2 + 11k−4C1

k−3 + 11k−6C2
k−4 + . . .

)︸ ︷︷ ︸
[k+2

2 ]− 1 ñëàãàåìûõ

+

+
(
11k−1+1 + 11k−3+1C1

k−2 + 11k−5+1C2
k−3 + . . .

)︸ ︷︷ ︸
[k+2

2 ] ñëàãàåìûõ

=

=
(
11k−2 × 1 + 11k−4C1

k−3 + 11k−6C2
k−4 + . . .

)︸ ︷︷ ︸
[k+2

2 ]− 1 ñëàãàåìûõ

+11k−1+1+

+
(
11k−3+1C1

k−2 + 11k−5+1C2
k−3 + . . .

)︸ ︷︷ ︸
[k+2

2 ]− 1 ñëàãàåìûõ

=

=
(
11(k+1)−3C0

k−2 + 11(k+1)−5C1
k−3 + . . .

)
︸ ︷︷ ︸

[k+2
2 ]− 1 ñëàãàåìûõ

+

+11(k+1)−1 +
(
11(k+1)−3C1

k−2 + 11(k+1)−5C2
k−3 + . . .

)
︸ ︷︷ ︸

[k+2
2 ]− 1 ñëàãàåìûõ

=

= 11(k+1)−1 +
{

11(k+1)−3
(
C0

k−2 + C1
k−2

)
+ 11(k+1)−5

(
C1

k−3 + C2
k−3

)
+ . . .

}
︸ ︷︷ ︸

[k+2
2 ]− 1 ñëàãàåìûõ

=

=
(
11(k+1)−1 + 11(k+1)−3C1

(k−2)+1 + 11(k+1)−5C2
(k−3)+1 + . . .

)
︸ ︷︷ ︸

1 + [k+2
2 ]− 1 ñëàãàåìûõ â Fk + 11Mk

=

=
(
11(k+1)−1 + 11(k+1)−3C1

(k+1)−2 + 11(k+1)−5C2
(k+1)−3 + . . .

)
︸ ︷︷ ︸

[k+2
2 ] = [ (k+1)+1

2 ] ñëàãàåìûõ â Mk+1

= Mk+1,

òî åñòü, èìååì: Mk+1 = Fk + 11Mk.
Òàêèì îáðàçîì, äëÿ âñåõ íå÷åòíûõ k (äëÿ k > 3 è äëÿ k = 1) ñîîòíîøåíèå
(4) äîêàçàíî è çíà÷èò ïåðâûé ýòàï äîêàçàòåëüñòâà çàâåðøåí.

Âòîðîé ýòàï: è çäåñü, ê ÷àñòíîìó ñëó÷àþ k = 2 ïðèìåíèì ìåòîä ïðÿìîé
ïðîâåðêè; èòàê, ñ îäíîé ñòîðîíû, èìååì:
F2 + 11M2 =

(
0 + 112−2 + . . .

)︸ ︷︷ ︸
[ 2+2

2 ]=2 ñëàãàåìûõ

+

+11×
(
112−1 + 112−3C1

2−2 + . . .
)︸ ︷︷ ︸

[ 2+1
2 ]=1 ñëàãàåìîå

= 0 + 110 + 11× 111 = 0 + 1 + 121 = 122,

à ñ äðóãîé ñòîðîíû, èìååì:
M3 =

(
113−1 + 113−3C1

3−2 + . . .
)︸ ︷︷ ︸

[ (2+1)+1
2 ] = [ 42 ] = 2 ñëàãàåìûõ â M2+1

= 112 + 110C1
1 = 121 + 1× 1 = 122,

òî åñòü, èìååì: M3 = F2 + 11M2.
Äëÿ ÷àñòíîãî ñëó÷àÿ (k = 2) ñîîòíîøåíèå (4) äîêàçàíî.
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Ïðè ÷åòíûõ k > 4, ñ ó÷åòîì ñâîéñòâ à), á), ã) è ä), äàëåå èìååì:
Fk + 11Mk =

(
0 + 11k−2 × 1 + 11k−4C1

k−3 + 11k−6C2
k−4 + . . .

)︸ ︷︷ ︸
[k+2

2 ] = k
2 + 1 ñëàãàåìûõ

+

+11×
(
11k−1 + 11k−3C1

k−2 + 11k−5C2
k−3 + . . .

)︸ ︷︷ ︸
[k+1

2 ] = k
2 ñëàãàåìûõ

= 0︸︷︷︸
ïåðâîå ñëàãàåìîå â Fk

+

+
(
11k−2C0

k−2 + 11k−4C1
k−3 + . . .

)︸ ︷︷ ︸
k
2 + 1− 2 = k

2 − 1 âíóòðåííèõ ñëàãàåìûõ â Fk

+ 11k−kC
( k

2−1)
( k

2−1)︸ ︷︷ ︸
ïîñëåäíåå ñëàãàåìîå â Fk

+

+
(
11(k−1)+1 + 11(k−3)+1C1

k−2 + 11(k−5)+1C2
k−3 + . . .

)
︸ ︷︷ ︸

k
2 ñëàãàåìûõ â 11Mk

=

=
(
11(k+1)−3C0

k−2 + 11(k+1)−5C1
k−3 + . . .

)
︸ ︷︷ ︸

k
2 − 1 âíóòðåííèõ ñëàãàåìûõ â Fk

+ 1× 1︸ ︷︷ ︸
ïîñëåäíåå ñëàãàåìîå â Fk

+

+ 11(k+1)−1︸ ︷︷ ︸
ïåðâîå ñëàãàåìîå â 11Mk

+
(
11(k+1)−3C1

k−2 + 11(k+1)−5C2
k−3 + . . .

)
︸ ︷︷ ︸

îñòàëüíûå
k
2 − 1 ñëàãàåìûõ â 11Mk

=

= 11(k+1)−1︸ ︷︷ ︸
ïåðâîå ñëàãàåìîå â Fk + 11Mk

+ 1× 1︸ ︷︷ ︸
ïîñëåäíåå ñëàãàåìîå â Fk + 11Mk

+

+
{

11(k+1)−3
(
C0

k−2 + C1
k−2

)
+ 11(k+1)−5

(
C1

k−3 + C2
k−3

)
+ . . .

}
︸ ︷︷ ︸

k
2 − 1 âíóòðåííèõ ñëàãàåìûõ â Fk + 11Mk

=

=
(
11(k+1)−1 + 11(k+1)−3C1

(k−2)+1 + 11(k+1)−5C2
(k−3)+1 + . . . + 1× 1

)
︸ ︷︷ ︸

k
2 − 1 + 2 = k

2 + 1 ñëàãàåìûõ â Fk + 11Mk ñ ÿâíî âûïèñàííûì ïîñëåäíèì ÷ëåíîì

=

=
(
11(k+1)−1 + 11(k+1)−3C1

(k+1)−2 + 11(k+1)−5C2
(k+1)−3 + . . .

)
︸ ︷︷ ︸

k
2 + 1 = [k+2

2 ] = [ (k+1)+1
2 ] ñëàãàåìûõ â Mk+1

= Mk+1,

òî åñòü, èìååì: Mk+1 = Fk + 11Mk.
Òàêèì îáðàçîì, äëÿ âñåõ ÷åòíûõ k (äëÿ k = 2 è äëÿ k > 4 ) ñîîòíîøåíèå

(4) äîêàçàíî è çíà÷èò âòîðîé ýòàï äîêàçàòåëüñòâà çàâåðøåí. Ïî ðåçóëüòàòàì
äâóõ ýòàïîâ çàêëþ÷àåì: ñîîòíîøåíèå (4) âåðíî ïðè ëþáîì öåëîì k > 1. �

Âîò òåïåðü ìû ìîæåì äîêàçàòü, ÷òî ôîðìóëû (2), ðàâíî êàê ôîðìóëà
(1), äàþò òî÷íûå çíà÷åíèÿ Sn ïðè ëþáîì ôèêñèðîâàííîì n > 1. Äåéñòâè-
òåëüíî, ïðè n = 1 èìååì:
S1 = S5×1−4 = (−3)F1 + M1 = (−3)×

(
0 + 111−2 + . . .

)︸ ︷︷ ︸
[ 1+2

2 ] = 1 ñëàãàåìîå

+

+
(
111−1 + 111−3C1

1−2 + . . .
)︸ ︷︷ ︸

[ 1+1
2 ] = 1 ñëàãàåìîå

= (−3)× 0 + 110 = 0 + 1 = 1;
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ïðè n = 2 èìååì:

S2 = S5×1−3 = 2F1 + M1 = 2×
(
0 + 111−2 + . . .

)︸ ︷︷ ︸
[ 1+2

2 ] = 1 ñëàãàåìîå

+

+
(
111−1 + 111−3C1

1−2 + . . .
)︸ ︷︷ ︸

[ 1+1
2 ] = 1 ñëàãàåìîå

= 2× 0 + 110 = 0 + 1 = 1.

Êàê âèäèì, ôîðìóëû (2) äëÿ ïåðâûõ äâóõ ÷ëåíîâ S1 è S2 ðÿäà Ôèáîíà÷÷è
ïîäòâåðæäàþòñÿ. Ïîñêîëüêó ïðîèçâîëüíûé ïîñëåäóþùèé ÷ëåí ýòîãî ðÿäà
ïîëó÷àåòñÿ êàê ñóììà äâóõ ïðåäûäóùèõ, òî äàëåå íåò íåîáõîäèìîñòè äåëàòü
÷èñëîâóþ ïðîâåðêó ôîðìóë (2) â îòäåëüíûõ ñëó÷àÿõ; äëÿ èõ ïîäòâåðæäåíèÿ
â îñòàëüíûõ ñëó÷àÿõ äîñòàòî÷íî óáåäèòüñÿ â ñïðàâåäëèâîñòè âñåãî ëèøü
5(ïÿòè) ñîîòíîøåíèé, à èìåííî:

S5k−2 = S5k−4 + S5k−3, (5)
S5k−1 = S5k−3 + S5k−2, (6)
S5k−0 = S5k−2 + S5k−1, (7)
S5(k+1)−4 = S5k−1 + S5k−0, (8)
S5(k+1)−3 = S5k−0 + S5(k+1)−4. (9)

Ïîñëåäîâàòåëüíî ïðîâåðèì ñîîòíîøåíèÿ (5)-(9).
Äëÿ (5) èìååì:
S5k−4 + S5k−3 = (−3)Fk + Mk + 2Fk + Mk = (−1)Fk + 2Mk = S5k−2;
äëÿ (6) èìååì:
S5k−3 + S5k−2 = 2Fk + Mk + (−1)Fk + 2Mk = Fk + 3Mk = S5k−1;
äëÿ (7) èìååì:
S5k−2 + S5k−1 = (−1)Fk + 2Mk + Fk + 3Mk = 0× Fk + 5Mk = S5k−0.

Åñòü ïåðâûé ïðîìåæóòî÷íûé ðåçóëüòàò: ðàâåíñòâà (5), (6) è (7) âåðíû
ïðè ëþáîì öåëîì k > 1 .

Ïðîäîëæèì ïðîöåäóðó. Èñïîëüçóÿ ñîîòíîøåíèÿ (3) è (4),
äëÿ (8) èìååì:
S5k−1 + S5k−0 = Fk + 3Mk + 5Mk = Fk + 8Mk = Fk + 11Mk + (−3)Mk =
= (−3)Fk+1 + Fk + 11Mk = (−3)Fk+1 + Mk+1 = S5(k+1)−4.
È íàïîñëåäîê, èñïîëüçóÿ ñîîòíîøåíèå (3),
äëÿ (9) èìååì:
S5k−0 + S5(k+1)−4 = 0× Fk + 5Mk + (−3)Fk+1 + Mk+1 =
= 5Fk+1 + (−3)Fk+1 + Mk+1 = 2Fk+1 + Mk+1 = S5(k+1)−3.

Åñòü âòîðîé ïðîìåæóòî÷íûé ðåçóëüòàò: ðàâåíñòâà (8) è (9) òàêæå âåðíû
ïðè ëþáîì öåëîì k > 1 .

Òàêèì îáðàçîì, äëÿ êàæäîãî öåëîãî n > 1 âåðíîñòü ôîðìóë (2), ðàâíî
êàê ôîðìóëû (1), äîêàçàíà è, ñëåäîâàòåëüíî, îñíîâíàÿ öåëü ñòàòüè äîñòèãíóòà.

(ïðîäîëæåíèå ñëåäóåò. . . )
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